Clifford Indices for Vector Bundles on Curves 

H. Lange and P. E. Newstead 

Abstract. For smooth projective curves of genus > 4, the CHfFord index is 
an important invariant which provides a bound for the dimension of the space 
of sections of a line bundle. This is the first step in distinguishing curves of the 
same genus. In this paper we generalise this to introduce Clifi^ord indices for 
semistable vector bundles on curves. We study these invariants, giving some 
basic properties and carrying out some computations for small ranks and for 
general and some special curves. For curves whose classical Clifford index is 
two, we compute all values of our new Clifi'ord indices. 

Mathematics Subject Classification (2000). Primary: 14H60; Secondary: 14F05, 
32L10. 

Keywords. Semistable vector bundle, Clifford index, gonality, Brill-Noether 
theory. 



1. Introduction 

Let C be a smooth projective curve of genus g > 4 defined over an algebraically 
closed field of characteristic 0. If L is a line bundle on C with space of sections 
H^{L) of dimension h°{L) > 2, then evaluation of sections defines a morphism 
C P''' These morphisms yield much information about the geometry of 

C, in particular about the possible projective embeddings of C and the syzygies 
resulting from such embeddings. It is therefore important to obtain precise upper 
bounds on h^{L) in terms of the degree of L. These upper bounds depend on the 
curve, not just on the value of 5, and a first measure of the possible bounds is 
given by the Clifford index of C, whose definition runs as follows. We consider line 
bundles L on C and define the Clifford index 71 of C by 

71 = mmjdegL - 2(/i"(L) - 1) | h^{L) > 2,h^{L) > 2} 



Both authors are members of the research group VBAC (Vector Bundles on Algebraic Curves). 
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Niirnberg for its hospitality. 
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or equivalently 

71 = min{degL- 2(/i°(L) - 1) | h"{L) > 2,degL < g - l} . 

(The equivalence of the two definitions foUows from Serre duahty. The reason for 
requiring g > 4 is to ensure the existence of Hne bundles as in the definition.) 

It is natural to generalise this to higher rank and in particular to semistable 
(or stable) vector bundles. The restriction to semistable bundles is natural as it 
allows for restrictions on the dimension of the space of sections essentially identical 
to those which exist for line bundles. In particular Clifford's Theorem has been 
extended to semistable bundles; the simplest proof of this is due to G. Xiao and 
appears as [51 Theorem 2.1]. Semistable bundles also arise naturally in the study 
of syzygies in connection with conjectures of Green and Lazarsfeld [23l[24] (in this 
context, see [H]). Moreover the moduli spaces of semistable bundles are objects of 
interest in their own right. We may note that the existence of semistable bundles 
with specified numbers of sections has recently been used in two papers [251 113j 
which obtain new information on the base locus of the generalised theta-divisor; 
the first of these papers extends results of Arcara [1], Popa [36] and Schneider 
[39j . while the second uses also the strange duality theorem, recently proved in 

A key role in some of these papers is played by the evaluation sequence 

Q^El^H"{L)(E,O^L^0, (1.1) 

where L is a line bundle generated by its sections. For our purposes the key issue 
is the stability of El , which was proved for L — Kc in [35J and for deg L > 2g+l 
by Ein and Lazarsfeld ^20j . Subsequently David Butler [TTl [T^] considered more 
generally the sequence 

^ M^r^E ®0 ^ E ^0, (1.2) 

where E is a vector bundle and y is a linear subspace of H^{E) which generates E. 
(The construction of (jl.2p has come to be known as the dual span construction.) 
Butler showed 11, Theorem 1.2] that, liV — H^{E) and E is semistable (stable) 
of slope > 2(7, then Mv,e is semistable (stable) with a minor exception in the case 
of stability when the slope is equal to 2g. Results for line bundles of smaller degree 
have been obtained in [T^l El [51 \TU\. There is an important conjecture of Butler 
(which we discuss briefly in the final section) that the bundles My.E are semistable 
"in general" . 

The Brill-Noether locus B{n,d,k) in the moduli space of stable bundles of 
rank n and degree d on C is comprised of those bundles E for which h°{E) > k. 
These loci have been studied for around 20 years and a good deal is known about 
their non-emptiness. However almost all the results are either true for any C 
[i [31 [33] or for general C only [SI [H [43]. Precise results are known for 
hyperelliptic curves [HI Section 6] and for bielliptic curves ^ but little has been 
done on other special curves. The main exceptions to this are papers of R. Re [38j 
and V. Mercat [33] and a recent paper by L. Brambila-Paz and A. Ortega [TO]. 



Clifford Indices 



3 



These papers use only the classical Clifford index 71 which is defined using line 
bundles, although in many respects [Mj is the staring point for our investigations. 

In [25, E. Ballico gave five definitions of Clifford indices for vector bundles 
but did not develop the concept to any significant extent. We give two definitions, 
both using semistable bundles (whereas Ballico used indecomposable and stable 
bundles). Our definitions differ from those of Ballico in other respects as well, in 
that we do not assume that our bundles are generated by their sections (although 
in fact most of our examples are so generated) and we consider only bundles whose 
slope is at most g — 1 (whereas Ballico requires only that h^{E) ^0). In fact we 
define, for any vector bundle E of rank r and degree d, 

-f{E) -.^-{d- 2{h\E) ~ n)) - ^l{E) - 2^^-^ + 2, 
71 n 

where fi{E) = ^. (BaUico defines Cliff (S) in the same way but without the scaling 
factor i.) We then define 7„ to be the minimum value of ■^{E) for semistable 
bundles E of rank n with h^{E) > n + 1 and ^{E) < 5 — 1. Our second index 
7^ is defined similarly, but with h^{E) > 2n. For line bundles, the two definitions 
coincide and reduce to the classical Clifford index. The use of semistable, rather 
than stable, bundles is likely to give better specialisation properties, although the 
question of Clifford indices for stable bundles is also of interest and will undoubt- 
edly be investigated further in the future. It may be noted that there are results 
in the literature giving bounds on h^{E) for indecomposable bundles [1^ and also 
for bundles of rank < 3 [15l[28] in terms of degrees of stability, but, for the reasons 
stated earlier, we feel that semistable bundles form the most natural context for 
these ideas. 

Another natural question to ask is why we use at least ri + 1 independent 
sections for the definition of 7„. The first reason is that the question of non- 
emptiness of Brill-Noether loci has been completely solved for h^{E) < n (see 
[SI [3]) and depends only on the genus of C. More fundamentally, the existence of 
semistable bundles with hP{E) > n -I- 1 is closely linked with the non-emptiness of 
certain Quot schemes and the existence of stable maps from C to a Grassniannian 
(see [37]), both of which have implications for the geometry of C. 

We now summarise the contents of the paper. In Section 2, we give the 
definitions of 7„ and 7,'j and obtain some elementary properties. In Section 3, we 
relate our invariants to the conjecture of Mercat, which is a strengthened version 
of the assertion that 7,'^ = 71 . We then make some deductions from the results of 
|34) , including an almost complete determination of the values of 7„ for n > g — 3 
(Theorem 13.61) . 

Section 4 is the central section of the paper. In it, we introduce the invariants 

dr minjdegi | L a line bundle on C with h^{L) > r 4- 1}, 

which form the gonality sequence of C; these invariants play an important role 
in the theory of special curves and are completely known in many cases. We de- 
scribe the properties of these invariants which we need later in the paper. We then 
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introduce the dual span construction (|l.ip . We verify Butler's conjecture in the 
case of line bundles of degree d„ under certain conditions on the gonality sequence 
(Proposition 14. 9| l . This allows us to prove our first main theorem. 



and there exist semistable bundles of rank n and degree dn with = n + 1. 
(b): If dn — ndi, then 



and there exist semistable bundles of rank n and degree dn with = 2n. 
(c): // — > ^ for all p < n and E is stable, then 



As a corollary (Corollarv l4.16p we show that Mercat's conjecture holds for semi- 
stable bundles of rank n and degree < d„, again under certain conditions on 
the gonality sequence. We also complete the computation of 7„ for n > g — i 
(Theorem 14.211) . For a curve with 71 = 2, this allows us to compute all values of 
7n (Corollarv l4.22|) . We complete the section by obtaining an upper bound for 7„ 
and lower bounds for ^{E) dependent on the existence of certain subbundles. 
In Section 5, we prove the following two theorems for bundles of rank 2. 

Theorem [HH 72 = min {72, t ^ ^l' 

TheoremlO 72 > min {71, ^ - 2}. 

These theorems yield the precise formula 72 — min {71, ^ — l} (Corollary 15. 3p . 
In particular, 72 is not determined by 71. 

In Sections 6 and 7, we extend this partially to ranks 3, 4 and 5, obtaining 
the following results. 

TheoremiHJ Suppose ^ > ^. Then 



Theorem l4.151 Let E be a semistable bundle of rank n and degree d., 
(a) '■ If ^ > ^jTp for all p < n and dn 7^ ndi , then 

h°{E) < n + 1 



h^{E) < 2n 



{E) <n + l. 




Theorem [Ol // 



^ > X, then 
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Theorem El If ^ > ^ /or 1 < p < 4, then 

75 >niin |7^,i(d2-2),i(d5-2),i(di + 2d2-6),i(di+d4-4), 

i(2cii + rfs - 6), i(3di + da - 8), ^(da + dg - 5) 

This last result looks weaker than we would hope, but we show that for a general 
curve it gives the following much more precise result. 

Corollary 17.41 Let C be a general curve. Then 



75 =min|7^,i (^g- | + 



In Section 8 we consider smooth plane curves. In this case we know the 
gonality sequence precisely by a theorem of Noether. Although such curves do 
not satisfy all the conditions mentioned earlier, we are able to carry out the same 
analysis and to obtain good results for n < 5. 

In the final section, we discuss some problems. 

Our main arguments depend on a result of Paranjape and Ramanan [351 
Lemma 3.9] and on Mercat's paper [Ml as well as on the dual span construction. 
We have also made much use of results on special curves due to Gerriet Martens 
and his collaborators. We are grateful to him for some useful discussions and for 
drawing our attention to a number of papers. 

Throughout the paper C will be a smooth curve of genus g > 4 defined over 
an algebraically closed field of characteristic 0. We recall that, for a vector bundle 
E of rank n and degree d, the slope ij.{E) is defined by /x(£') := ^. 

We are grateful to the referee for pointing out the reference [5]. 



2. Definition of 7„ and 7^ 



Let C be a smooth projective curve of genus 5 > 4. For any vector bundle E of 
rank n and degree d on C consider 



1 



h°{E) 



j{E) ■=-(d~ 2(h°(E) - n)) = ^(E) - 2 

71 n 

The proof of the following lemma is a simple computation. 



2. 



Lemma 2.1. j{Kc «> E*) = j{E). 

For any positive integer n we define the following invariants of C: 

E semistable of rank n 
h°{E) > n + 1, ii{E) <g-l 



□ 



In 



nun <{ j{E) 



and 



nun <{ j{E) 



E semistable of rank n 
h°{E) > 2n, fi{E) <g-l 
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Note that 71 — j[ is the usual Chfford index of the curve C. We say that E 
contributes to"f„ (respectively 7,^ ) if i? is semistable of rank n with /i(-E) < g~l and 
hP(E) > n + 1 (respectively hP{E) > 2n). If in addition 7(£') — 7„ (respectively 
j{E) = 7^), we say that E computes 7„ (respectively 7^). 

Lemma 2.2. If p\n, then 7„ < 7p and 7„ < 7'j < 7^. 

Proof. Let E' be a vector bundle computing 7p. Then j{(Bi^iE) = 7p which gives 
the first assertion. It is obvious that 7„ < 7^. The proof of the last inequality is 
the same as the proof of the first statement. □ 



Lemma 2.3. 



< 7n < 



1 



9 



9 




n + 1 





Proof. If i? is a vector bundle computing 7„, we have by [U Theorem 2.1] that 
h°{E) < + n, which imphes j{E) > 0. Hence 7„ > 0. 

From [121 Theorem 2] or [3 Proposition 4.1 (ii)] we know that on a general 



ri+l 



curve there exist semistable vector bundles of rank n and degree d — g- 

with h'^{E) > n + 1. Since g > 4, we have /i(i?) < 5 — 1. By semicontinuity this is 
valid on any curve C. Hence 

1 



7n < 



9 



9 



1 



□ 



CoroUary 2.4. Suppose g > 7. For a general curve C and every n > S, we have 

In < 71- 

Proof. On a general curve we know 71 = [^^] • According to Lemma l2.3l it suffices 
to show 

1/ r^i \ r^ii 

(2.1) 



1 

n 





9 


+ n-2^ < 


[5-11 




n + 1 


2 




I — 1 < 


] and f - 1 < 




this is implied by 



— ^ + l+n-2) <--l, 
n + 1 J - 2 



which is equivalent to 



(4n-2)(n+l) 6n - 2 



(n+l)(n-2) + 2 



This is valid for g > 7. 



□ 



Remark 2.5. Corollary 12.41 remains valid for g = 5 and for g = 6, n > 4 (for 
g = 5, n < 6 one needs to check directly in (j2.1|) ). The corollary is also valid for 
n — 2, provided g > 7, g ^ 8. In fact, for g > 9 the same proof works. The case 
g — 7 can be checked from (|2.ip . 
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Proposition 2.6. (a) //71 =0 or 1, then for all n, 

In^in^ 71- 

(b) //71 > 2, then 7„ > 1 for all n. 

Proof, (a): By Lemma [2.31 we have 7„ > 0. So the result for 71 = follows by 
Lemma [2.21 Suppose 71 = 1. If 7„ < 1, then there exists a semistable bundle E 
with h^{E) > n + 1 and degree d < n{g — 1) such that 

d-2{h"{E) - n) < n. 

So 

> 

If d > n, this contradicts [S^. If d < n, then h"{E) < n by [8]. So 7„ > 1 and 
hence 7„ 7^ = 71 . 

(b): The argument in the proof of (a) for 71 = 1 is valid also for 71 > 2. □ 

Corollary 2.7. //71 > 1, then lim„_,oo 7n = 1- 

Proof. This follows from Proposition 12 . 61 and Lemma [2?3l □ 



3. Mercat's conjecture 

We want to relate the invariants 7,'j with Mercat's conjecture (see [34]), which can 
be stated as follows: 

Conjecture 3.1. Let E be a semistable vector bundle of rank n and degree d. 

(i) //71 + 2 < fi{E) < 2.9 - 4 - 71, then h"{E) < + n. 

(ii) // 1 < i.i{E) < 71 + 2, then h°{E) < -n)+n. 

Lemma 3.2. Coniecture \3.1\ (i) is equivalent to 

(i') //71 + 2 < ^j,{E) <2g-A-ji, then -f{E) > 71. 

Proof. Suppose (i) holds. Then 

-l{E) = ii{E) - 2^^ + 2 > ^JL{E) - 2^ + 2 = 71. 

n n 

The converse implication follows by the same computation. □ 

Proposition 3.3. Let n > 2 be an integer. 

(a) : Conjecture \3.1\ implies the equality 7^ =71- 

(b) : The equality 7^ = 71 implies conjecture \3.1\ (i). 
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Proof, (a) Assume Coni ecture 13 . 1 1 holds and suppose E contributes to 7,^. Accord- 
ing to Lemma U7I\ we have to show that 7(£') > 71. 

If /i(-E) > 71 + 2, Lemma [3.21 imphes the assertion. So suppose 1 < fJ,{E) < 
71+2. Then by (ii), 

h°(E) < — - — (d-n) + n < — - — (nhi + 2) - n) + n = 2n, 
^ ^ ~ 71 + 1 71 + 1^ ^' ^ ' 

a contradiction. 

(b) Assume that 7^ = 71 and consider a semistable vector bundle E of rank n 
with 7i + 2 < fJ,{E) < 2g — 4 — 7i. By Lemma we have to show that j{E) > 71. 
In view of Lemma |2. II we can assume that n{E) < <? — 1. 

If h°{E) > 2n, then -f{E) > 7^ = 71 by assumption. If h°{E) < 2n, then 

-f{E) = ^iiE) - 2^^-^ + 2 > 71 + 2 - 2— + 2 = 71. 

n n 

□ 

Remark 3.4. If Conjecture O (h) holds and 1 < ^{E) < 71 +2, then /i°(£') < 2n. 
So E does not contribute to 7^. 

Proposition 3.5. //71 > 2, then 7'^ > 2 for all n. 

Note that 71 > 2 implies 5 > 5. 

Proof. We use [33] Theorem 1] . Let be a semistable bundle of rank n and degree 
d. If d < (2 + ^)"-, then by [31 Theorem 1 (ii)] we have 



h^lE) < -^(d-n)+n 
5-2 

1 / 2n 

< 



5 - 2 V .9-4 
= n I 1 + I < 2n. 

V 5-4;- 

So E does not contribute to 7^. Now [SU Theorem 1 (i)] implies 7,'j > 2. □ 

We can use Mercat's results of [35], [33] and [33] to obtain the following 
theorem. 

Theorem 3.6. Let C be a curve with Clifford index 71 > 2. 
(a): If n > g, then 



7ri = iH ; 



(b) : If n — g, then 

(c) : If n = g — 1, then 



- 2-i for 5>6, 
7 

5 

2 



> k for g 
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(d): Ifg-5<n<g-2, then 



(e): If n < g — A, then 



7n>2--; 

n 



In > 2. 



Proof. Let E he a semistable bundle of rank n and degree d. So fi — fi{E) — ^. 
We consider 4 cases: 

Case i: 1 < /i < 2: By [32^, h°{E) < n + ^{d - n) and so 

1 



liE) >- [d - -(d-n) 
n \ g 

Case 2: 11 = 2: By [33 , h^{E) <n+ [^] and so 

1 



l{E) > 



2n-2 



5-1 



Case 5: 2 < ^ < 2+ By [Ml Theorem 1 (ii)], < 



and so 



l{E) > 



d-2 



d — n 



5-2 



Case ^: 2 + ^ < ^: By [31 Theorem 1 (i)], 

7(i?) > 2. 



(3.1) 
(3.2) 



In Case 1 the right hand side is an increasing function of d. So we need 
to look for the smallest d in the given range for which a bundle E exists with 
h^{E) > n + 1. We must have d = n + g and this is in the required range if n > g 
and then for such E, 



-f{E) = 1 + ^ < 2. 



(3.3) 



When n > g, such E always exists (see [32]). 

By [33j, Case 2 always occurs provided n > g ~ 1 and gives us bundles E 

with 



j{E) = 2-- 



5-1 



< 2. 



(3.4) 



It remains to deal with Case 3. The smallest value of the right hand side of p.l 
is given by one of the following three possibilities: 

• d = 2n + 1 and n > g — 3, 

• d = 2n + 2 and g — 2 divides n + 2, 

• d = n + g — 2. 



10 



H. Lange and P. E. Newstead 



If none of these possibilities occurs within the range 2 < fi < 2 + , then Case 
3 does not arise. 

For d = 2ri + 1 we get 



7(i?) >2--[2 



"714 


1' 








-0 


.9 - 


2 





(3.5) 



and we require 2n + I < n{2 + ^34)7 i-c n > which is true since n> g — i. 



For d = 2n + 2 we get 



l{E) > 2 - - 



2 /n + 2 



1 



(3.6) 



n \g — 2 

and we require that g — 2 divides n + 2 and 2rt + 2 < n{2 + ^^), i.e. n> g — A 
For d = n + g — 2 we get 

.9-4 



l{E) > 1 + 



(3.7) 



and we require 2n < n + g ~ 2 < 2n + -^zj- i-c n — g — 3. In this case (13.71) gives 
the same inequality as (j3.5[) and hence can be ignored. 

If n > g, the right hand side of (|3.3p is less than or equal to the right hand 
sides of p.4p . (|3.5p and (|3.6p . So for n > g we obtain 



7„ > min <^ 2, 1 



.9-2 



.9-2 



and this can be attained by a bundle i? of degree n + g with (E) = n + 1. 
Forn = g > 6 we get from (jS^), ([33), dSS]) and ([31]), 

1 



7„>min<^2,2--,2--^=2-- 
19 9) 9 

and this can be attained by a bundle E of degree 2g with h^{E) = g + 1. For 
n = (7 = 5 we get 

■ fo r> 2 „ 31 7 

75>mm|2,2--,2-- 

For n 5 - 1 we get from (021), IH^l), and ([31]), 

2 „ 1 



Ig-i > min 2,2 



.9-1 



5-1 5-1. 

and the bound is attained by a bundle of degree 2g — 2 with hP{E) — g. (In fact, 
the unique such semistable bundle is the dual span of the canonical bundle Kc 
[331 Theorem 1]). 

For n = 5 — 2 or g — 3 we get from p.2p and (|3.5p , 







■71 + 


1' 




= 2-i 


>2-i 








-0 








.5 - 


2 


n 
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For n < .g— 4 none of the inequalities (|3.3p to (|3.6p applies. So there is no semistable 
E of rank n < g - A with ^{E) < 2 + ^ and /i°(£') > n + 1. Hence 

liE) > 2 

by a 



Remark 3.7. Note that Theorem 13.61 (a) gives a more precise version of Corollary 

EH 

Proposition 3.8. //71 > 3, then 

72 > min|7i, Y + l| and 72 > min |7i, y + 2| . 
In particular, 72 — 71 for 71 < 4. 

Proof. Suppose E is semistable of rank 2 and degree d. If 371 — 1 < d < 2g — 2, 
then by [SI Corollary 3], 

l{E) > 71- 

If d < 371 - 2, then by [M^ Lemma 5], h°{E) < + 2. So 

In the last case E can contribute to 72 only if d > 71 +4 and to 73 only if d > 71+8. 
This gives the assertion. □ 



4. The invariants dr 

For any positive integer r we define the invariant dr of the curve C by 

dr minjdegi | L a line bundle on C with h^\L) > r + 1}. 

Note that di is the gonality of C, ^2 is the minimal degree of a non-degenerate 
rational map of the curve C into the projective plane etc. We refer to the sequence 
di, ^2, ... as the gonality sequence of C . We say that L computes dr if degi — dr 
and hP{L) > r + 1. We say also that dr computes 71 if 71 = d^ — 2r. 

Remark 4.1. The gonality sequence is usually defined only for those r for which 
dr < 5 — 1 (see [17j Digression (3.5)]), but for our purposes the definition above 
is more convenient. If fc = di computes 71 (i.e. di =71 + 2). the curve C is called 

Lemma 4.2. (a) d,. < d^+i /or aZ/ r; 

(b) if L computes dr, then h^{L) = r + 1 and L is generated; 

(c) dr+s < dr + dg for any r, s > 1; 

(d) dr < r{g-l). 
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Proof, (a) and (b) are obvious, (c): Suppose L computes dr and M computes dg- 
The map 

H°{L) (E) H°{M) ^ H°{L(E) M) 
satisfies the hypotheses of the Hopf lemma. Hence 

h°{L ® M) > h°{L) + h^{M) - 1 = r + s + 1. 
(d) follows from (c) and the fact that di < g — 1, since g > 4. □ 
Lemma 4.3. If d^ + dg = d^^sj then d^ ~ ndi for all n < r + s. 

Proof. Suppose L computes dr and M computes dg. Then h^{L®M) > r + s + 1 as 
in the proof of Lemma l4?2l (c). On the other hand, deg(L (g) M) = dr + dg ^ dr+s- 
If h^{L (g) M) > r + s + 1, then deg(i O M) > dr+s+i which contradicts Lemma 
1121(a). So 

h°{L®M) = r + s + 1. 

It now follows from fIV, Corollary 5.2] (see also [THl Lemma 1.8]) that there exists 
a hne bundle N with hP{N) > 2 such that 

L^N'' and M ~ N" . 

Hence 

dr = deg L = r deg N > rdi . 

By Lemma 14.21 (c). we have dr = rdi and similarly dg = sdi. So dr+g = {r + s)di. 
Then 

dr+g = (r + s)di = ndi + (r + s — n)di > dn + (i,-+s-ri > dr+g. 
So the inequalities must all be equalities. In particular d„ — ndi. D 

Remark 4.4. (a) Clifford's theorem implies that dr > 2r for r < g — 1; moreover 
=2.g-2. 

(b) Riemann-Roch implies that dr — r + g for r > g. 



(c) Brill-Noether theory implies that dr < g - 
curve we have 

9 



dr = g- 



r+l 



+ r. 



- r for all r and for a general 



_r+ 1_ 

So for a general curve we know the gonality sequence. Indeed, for our purposes, 
we can define a general curve to be one which has this gonality sequence. 

Remark 4.5. (a) If C is hyperelliptic, then 

2r for r < 3 — 1, 



' + g for r > g. 

(b) If C is trigonal, then 

3r 1 < r < [^] , 

r + g-1- [^^] for [^] < r < g - 1, 
r + g r > g. 
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This follows from Maroni's theory (see [31] Proposition 1]) and, for r > [^^], 
Serre duality and Riemann-Roch. 

(c) If C is a general fc-gonal curve, fc > 4, then by Theorem 3.1], 



dr — kr for 1 < r < 



g 



k~2 

For k = 4, this can be marginally improved by [121 Theorem 4.3.2] and then 
extended using Serre duality and Riemann-Roch to give 

r 4r 1 < ^ < [£^] , 

dr=< r + g-l-[a^] for [2^] < r < g - 1, 
[ r + g r>g, 

except when g = mod 4, in which case ds. = g — 1 (see [18, Proposition 3.3]). 

(d) If C is bielliptic of genus <? > 5, then C is quadrigonal, but its gonality 
sequence is quite different from that of (c). In fact, 

2r + 2 I <r <g~3, 

2g — 3 for r = g ~ 2, 
25-2 r = g-l, 

r + g f > g. 

Lemma 4.6. d,- > min{7i + 2r, g + r — 1}. 

Proof. Let L be a line bundle computing dr- Then h}{L) — r + g ~ d^. If < 
g + r — 1, then L contributes to 71 and c?r > 7i + 2r. □ 

Lemma 4.7. 71 = — 2r, where r — 1, except in the following cases: 

(a) if C is a smooth plane curve, then r = 2; 

(b) if C is exceptional in the sense of [22] . then r < and for r < 9 we have 

r - 9+1 
' 4 ■ 

Proof. This is a consequence of the results of [22] . □ 

The following lemma is a restatement of 35, Lemma 3.9] 

Lemma 4.8. Let E he a vector bundle of rank n with h'^{E) >n + s,s>l. Suppose 
that E has no proper subbundle N with h°{N) > ikN . Then 

degE > dns- 

Proof. Let E be as in the statement of the lemma. Note that h^{E*) — 0, for 
otherwise the kernel A'^ of a non-zero homomorphism E Oc would contradict 
the hypothesis. [311 Lemma 3.9] now implies that /i°(det£') > ns + 1. So degE' = 
deg det E > d„s . □ 

Suppose the line bundle L computes dn. Define a line bundle El of rank n 
and degree d„ by the exact sequence 

^ El ^ H"{L)(^Oc ^ L ^0. (4.1) 
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As mentioned in the introduction, this is a special case of the dual span construction 
P] , Note that fiiEL) = ^ < 5 - 1 by Lemma H^] (d). 

Proposition 4.9. (a) h°{El) = 0; 

(b) El is generated; 

(c) if n > (>) g, then El is semistable (stable); 

(d) if ^ > ^ for all p < n, then El is semistable; 

(e) if > ^ for all p < n, then El is stable. 

Proof, (a) and (b) are obvious, (c): U n > g, then dn ^ n + g by Remark 14.41 (b). 
Now apply [TT], Theorem 1.2] for the case of a line bundle. 

(d): Let M be a quotient bundle of El of rank p < n. It follows from (a) 
and (b) that M is generated with h°{M*) = 0. So ft."(M) > p + 1. Choose a 
{p + l)-dimensional subspace V of H^{M) which generates M . Then we have an 
exact sequence 

^ det M* -^V ®Oc ^ M ^ 0. 

Dualizing this, we see that det M is a line bundle with ft," (det M) > p + 1. So 

degM = degdetM > dp. 

Under the hypothesis of (d), ^{M) > ^{El). Since this is true for all quotient 
bundles of El, this proves that El is semistable. 

For (e) the proof proceeds as for (d), but now we have ijl{M) > ij.{El) for 
every proper quotient bundle AI of El- Hence El is stable. □ 

Remark 4.10. It follows from Remark [4.4l fa) and (b) that the hypothesis of Propo- 
sition 14.91 (d) is satisfied for all n > g and similarly the hypothesis of Proposition 
14.91 (e) is satisfied for all n > g. So these two parts of the proposition are general- 
isations of part (c) . Note also that -jfj- = = 2 by the same remark. 

Proposition 4.11. Suppose E is a semistable vector bundle of rank n with degE < 
2^ for all p < n. Then h^[E) < n. 

Proof. Suppose h^{E) > n+1. If E possesses no proper subbundle N with h'^{N) > 
ikN + 1, then degE > dn by Lemma l4?8l contradicting the hypotheses. 

So let iV be a subbundle of rank p of E minimal with respect to the property 
h°{N) >p+l. Then Lemma applies to N and 

degiV ^ rfp(feO(Af)-p) ^ ^ ^ degE' 
p ~ p ~ P n ' 
contradicting the semistability of E. □ 

Corollary 4.12. Suppose ^ > 4f /"'"P ^ '^'^'^ E is a semistable vector bundle of 
rank n with degE < d„. Then h'^{E) <n. □ 

Corollary 4.13. If dn = ndi, then 7„ — Jn- 
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Proof. If dn ~ ndi , then, as in the proof of Lemma 14.31 we have dp — pdi for all 
p < n. 

Now suppose that E contributes to 7„, but not to 7^. Then d > dn hy 
Corollary HUl and h°{E) < 2n - 1. So 

1 . X 2 

l{E) > - {ndi - 2(n - 1)) = di - 2 + - > 71. 
71 n 

Hence 

7n > min{7;,7i} = 7^. 
It follows from Lemma [2?2] that 7n = 7^- Q 

Remark 4.14. The assumption dn — ndi is valid for hyperelliptic curves of genus 
g > n, trigonal curves of genus g > 3n + l and general quadrigonal curves of genus 
g > An + 1 (see Remark I4.5p . For hyperelliptic and trigonal curves we already 
have that 7„ = 7^ = 71 by Proposition 12.61 (a) . For quadrigonal curves we have 
7,'j = 7i 2 by Proposition 13.51 also 7„ = 2 for g > n + 4 hy Lemma 12.21 and 
Theorem 13.61 (e) . The corollary also applies to general fc-gonal curves of genus 
g>2{k- 2)71 + 4. 

Theorem 4.15. Let E be a semistable bundle of rank n and degree dn- 

(a) : If ^ > -^^pj- for all p < n and dn 7^ ndi, then 

h°{E) <n+l 

and there exist semistable bundles of rank n and degree dn with = n + 1. 

(b) : If dn ~ ndi , then 

h"{E) < 2n 

and there exist semistable bundles of rank n and degree dn with — 2n. 

(c) : // ^ > ^ for all p < n and E is stable, then 

h"{E) <n + l. 

Proof, (a): Suppose h^{E) = n + s with s > 2. If possesses no subbundle N of 
rank p < n with h'^{N) > p + I, then by Lemma [48l 

degE>dns>dn, (4.2) 

which is a contradiction. 

Now let iV be a subbundle of minimal rank p such that h^{N) > p+1. Then 
Lemma l4!8l implies that 

deg > dp(/iO(jv)-p)- 

Hence 

degA^ ^ dp(ho(N)-p) > ^ > ^ (-43^ 
p ~ p ~ p ~ n ' 
which contradicts the semistability of E unless all these inequalities are equalities. 
So h'^iN) =p+l, dcgN = dp and ^ = ^, i.e. ^iiN) = fi{E). 
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It follows that E/N is semistable of rank n — p and degree dn — dp. Now 
dn - dp < dn-p by Lemma 14.31 So h°{E/N) < n - p hy Corollary 14.121 and 
h°{E) <n + l. 

To prove existence, let L be a line bundle of degree d„ with hP{L) = n + 1. 
Then by Proposition l4.9[ El is a semistable bundle of rank n and degree dn with 
h^iEi) >n + l. This completes the proof of (a). 

We prove (b) by induction, the case n = \ being obvious. If h^{E) < n + 1 
the result is clear. So suppose h^{E) = n + s with s > 2. Arguing as in the 
proof of (a) we obtain a proper subbundle of E' of rank p and degree dp with 
h'^{N) — p + 1. Moreover, E/N is semistable of rank n — p and degree d„ — dp, 
where now dn — dp — dn^p- By inductive hypothesis, we have h^{E/N) < 2{n ~p) 
and hence 

h°{E) < 2{n ~ p) + p + 1 = 2n - p + 1 < 2n. (4.4) 

To prove existence, choose a line bundle L of degree di with hP{L) = 2 and 
take E = ©"^^E. In fact, E is the dual span of the line bundle i". 

(c): If E is stable, then (|4.2p and (|4.3p give contradictions. Hence h^{E) < 
n + 1. □ 

Corollary 4.16. Suppose ^ > for all p < n and let E be a semistable bundle 
of rank n and degree d < dn- Then Conjecture \3.1\ holds for E. 

Proof, li d < dn, then h^{E) < n by Corollarv l4.12l in accordance with Conjecture 

If d = dn = ndi, then, since di > 71 + 2, we have by Theorem 14. 151 

h'>{E)<2n<^^^+n 

in accordance with Conjecture 13. II (i). 

If d = d„ ^ ndi, then h°{E) <n+l by Theorem l4T5l Now 

dn — n di — 1 

> — r > 1, 



71 + 1 71 
since c?i > 71 + 2. So 

h^{E)<'^^+n 
71 + 1 

in accordance with Conjecture 13. II (ii). □ 

For general C, we can prove a precise result on the stability of El ■ This can 
be deduced from [T2l, Theorem 2] ; for the sake of completeness and since 112] is 
unpublished, we include a proof. 

Proposition 4.17. Suppose C is general and L is a line bundle computing dn- Then 
El is semistable and H'^IEl) = n + 1. Moreover, El is stable unless n — g and 
det El is isomorphic to Kc{pi +P2) for some pi,p2 G C. 
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Proof. For n > g stability is proved in Proposition 14.91 (c). So suppose n < g 



According to Proposition 
it suffices to show that 
1 



d) and Remark l4.4l (c) , in order to prove semistability 



P 



This is satisfied if 



p+l 



which is equivalent to 



> 



> 



> 



T- (4-5) 

p+l ~ n + 1 ^ ' 

This is true for n < g. For n < g the same proof shows that (|4.5p is true with 
strict inequality. Since d„ ^ ndi, Theorem 14.151 shows that h°{EL) = n + 1. 

When n — g and det El 9^ Kc{pi +P2), it follows directly from jTTl Theorem 
1.2] that El is stable. □ 

Remark 4.18. Suppose C is hyperelliptic and n < g ~1. Then by Remark 14.51 (a), 
dn — 2n. If H is the hyperelliptic line bundle, then 



E 



is semistable of degree c?„ with h'^{E) — 2n. Moreover, E is generated, so we can 
choose a subspace V of H^{E) of dimension rt + 1 which generates E, giving an 
exact sequence 

AetE* ®Oc ^ E ^Q. 
Noting that det E ~ i/" and dualizing, we obtain 

Q E* V* ® Oc ^ ^ Q- (4.6) 

Now degff" = d„. So hP{H") = n + 1 and (|4.6p is the evaluation sequence of iJ". 
Thus 

E ~ Eh^^ ■ 

Moreover ff" is the unique line bundle of degree d„ with > n + 1. So if 2 < 
n < g — 1, the bundle El constructed in (|4.ip can never be stable. 

Remark 4.19. If C is a trigonal curve and n < [^-j^] , then dn — 3n by Remark 
4.51 (b). So we can use a similar argument to that of Remark 14.181 by replacing H 
by the unique line bundle T of degree 3 computing di . Then 



E = ^T 



i=l 

is semistable of degree dn with h^{E) = 2n. Moreover, if n < then T" is 

the unique line bundle of degree dn with /i'' > n + 1 by [3H Proposition 1] . So if 
2 <n < then the bundle El constructed in (|4.ip can never be stable. Note 
that we need g > 8 in order to allow n>2. 
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Remark 4.20. Similarly, if C is a general fc-gonal curve (fc > 4) of genus g > 
4fc - 4 (5 > 9 if fc = 4) and 71 < [^] {n < [^] if fc = 4), then by Remark 
14.51 (c) we have (i„ = kn. Let Q be a line bundle of degree k with hP{Q) = 2. Then 

n 

is semistable of degree c?„ with h^{E) ~ 2n. For n > 2, _E is strictly semistable. 

Note that Q is unique for g > {k — 1)^ + 1. This follows from the fact that a 
curve oftype (a, 6) on a smooth quadric surface is of arithmetic genus (a — 1)(6 — 1). 

When fc = 4 and 5 > 11, is the unique line bundle of degree 8 with /i" > 3 
by [ISl Theorem 3.2]. So for a general quadrigonal curve of genus g > 11, there do 
not exist stable bundles of the form with L of degree 8 and hP{L) = 3. We do 
not know whether in other cases Q" is the unique line bundle of degree d„ with 
/i'^ > n + 1 . So it is possible that there could exist stable bundles of the form E^. 

The next theorem improves the results of Theorem 13.61 

Theorem 4.21. Let C be a curve with Clifford index 71 > 2. 

(a) : If n — g, then 

7n = 2--; 

9 

(b) : if n = g — 2, then 



(c): if n = g ~ 3, then 

Proof. Note first that dg — 2g, dg-i — 2g — 2, (ig-2 = 2(7 — 3 for 71 > 1 and 
dg-3 = 2.g - 4 for 71 > 2. 

(a) : According to Theorem l3.6l fb) we need only show that 7n > | if = 5 = 
5. This will follow as in the proof of Theorem l3.6l (b) if we can show that there is 
no semistable bundle E of rank 5 and degree 2n + 1 = 11 with h^{E) > 7. 

Any such bundle is necessarily stable and if F is an elementary transformation 
of E, then degF = 10 and F is semistable. Now d^ = 10 5di and one can easily 
check that the conditions of Theorem 14.151 (a) hold. So < 6. Since this 

holds for any elementary transformation of E, it follows that E is generated with 
h^{E) — 7. Now, following through the proof of Theorem 14. 151 we see that (|4.2p 
gives degi? > dio, a contradiction. So there must exist a subbundle of of 
rank p < n which is minimal with respect to the condition h'^{N) > ikN. In this 
case we have degN > dp and, by stability of E, < iJ.{E) = ^. The only 

possibility for this is p = 4, degA^ = 1^4 = 8. It is easy to check that A^ must be 
semistable. So Theorem |4T5] (a) gives h°{N) < 5. It follows that h^{E/N) > 2. 
So deg(£'/7V) > di = 4. Hence degE' > 12, a contradiction. 

(b) : For n — g — 2, we need to show that there exists a semistable bundle E 
of rank g — 2 and degree 2g — 3 with h^{E) > g ~ 1 (see the proof of Theorem 13. 61 
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and in particular the inequality (|3.5[) ). Since ^^^^ ~ = 2 + and > 2 
for all p < g — 2 by Lemma the hypotheses of Proposition 14.91 (d) hold and we 
can take E = El with L a line bundle of degree dg-2 with hP{L) — g — 1. 

(c): For n = g — 3, we again consider the proof of Theorem 13.61 We need to 
show that there is no semistable bundle E of rank g — 3 and degree 2n + 1 = 2g — 5 
with hP{E) > 5 — 2. Since 71 > 2, Lemma [4.61 implies that dp > 2p + 2 for all 
p<5-3. So^> ^ = 2 + Hence the conditions of Corollary [4T2l apply, 
giying < g - 3. □ 

Corollary 4.22. //71 = 2, then for all n>l, 

1 + ^ « > 5, 

2- I n = g, 

ln= \ 2 - — */ n = p - 1, 



2 - ^ n = g-2, 

2 n<5-3. 



/n particular 72 = 2. 



Proof. This follows from Theorems 13.61 and 14.211 and Lemma [2?2l For the last part, 
note that 71 = 2 implies that (?>5;so2<(7 — 3. □ 

Remark 4.23. Corollary 14.221 applies in particular to any quadrigonal curye. If C 
is bielliptic, rather more is known. By [3] (see also [Ml Theorem 2 and Lemma 3]), 
there exist semistable bundles E of any rank n and degree d>2 with h'^{E) = [|]; 
in other words, 



7(i?) = -(rf-2 



2n = 



2 for d eyen, 
2 + i for d odd. 



If 2(n + 1) < d < n{g — l), these bundles contribute to 7„ and, if 4n < d < n{g — l), 
they contribute to 7^. Since 7^ = 2 by Lemma [^H] and Proposition 13.51 there are 
many bundles on C which compute 74. 

The remaining results of this section will be useful in estimating the value of 

In- 

Lemma 4.24. Suppose p\n and ^ > ^ for q < p. Then 

In < ^{dp - 2). 

Proof. Let F be a semistable bundle of rank p and degree dp with > p + 1, 

which exists by Proposition [4?9l Then, if 
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we have 

7{E)^^{F)<-{dp-2). 
P 

The bundle E contributes to 7„, which gives the result. □ 

Proposition 4.25. Suppose E is a semistable bundle of rank n>2. 

(a) IJ^>^ for allp<n and h"{E) = n + 1, then 

l{.E) > -K,-2). 
n 

(b) // h'^{E) > n + 2 and there exists no proper subbundle N of E with 
h^[N) > ikN, then 

l{E) > -(d„-2). 
n 

If n > 3, this is a strict inequality. 

(c) Ifh^{E) < 2n—l and there exists a line subbundle N of E with h'^{N) > 2, 

then 

l{E) >7i- 

(d) Suppose h^ {E) = n + s with s > 1 and there exists a subbundle N of E 
of rank p > 2 with h^{N) ~ p + t, t > l + o-n-d no subbundle N' of rank 
< p with h°{N') > rkiV'. Then 

l{E) > -{dp -2). 
P 

If further ^ > ^ and t > 1 + ^{s - 1), then 

l{E) > -idn-2). 

n 

Proof, (a): If h^{E) = n + 1, then by CoroUarv 14.121 d > dn which implies the 
assertion. 

(b) : Suppose h^{E) = n + s with s > 2. By Lemma degi? > dns and 

7{E) > -{dns -2s) 
n 

> — {dn + ns — n — 2s) 
n 

= -{dn + {n~2)s-n) >-{dn-2) 
n n 

and the last inequality is strict if rt > 3. 

(c) : By definition of di, degA^ > di. So by semistability, deg£' > ndi and 
hence 

l{E) > -{ndi - 2{h°{E) - n)) = di - ^(^°(-^) ' > rf^ - 2 > 71. 
n n 
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So 



(d): Lemma [4.81 gives degiV > dpt- By semistability, 

degE > -dpt > -{dp +pt-p). 
P P 



l{E) > -{dp+pt~p)-—. 
p n 

2s 2 



The inequality t > 1 + — — - now gives 



l{E) > ^{dp-2). 



If f > ^ andi> l + f(s-l), weg. 



:et 

p n n n 

proving the second assertion. □ 

Proposition 4.26. Suppose E is a semistable bundle of rank n > 2. If ^^f^ > 
h'^{E) = n + 2 and there exists a subbundle N of rank n — \ of E with h^{N) = n 
and no subbundle N' of E of smaller rank with h^(N') > ikN' , then 

j{E) > mini7i,-(d„ -2) 



Proof. By Lemma 14.81 degTV > dn-i- On the other hand, the definition of di 
implies that deg(-E/iV) > di. Hence 

deg£' > dn-i + di. 

If d„_i > {n — l)di — 2{n — 2), then degi? > ndi — 2{n — 2) and hence 

7(E) > - (ndi - 2(n - 2) - 4) = di - 2 > 71. 
This covers in particular the case n — 2. If 71 > 3 and 

dn-\ < (n - l)di - 2(n - 2) - 1, 

then 

n 1 2n — 3 

dn < r«n-l — «n-l H rWn-l < "n-1 + "1 

n— 1 n — \ n — \ 

implying d„ < dn-i + di — 2. So degi? > dn + 2 and hence 

l{E) > -idn-2). 

n 

□ 
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5. Rank two 

The results of Section 4 allow us to obtain a precise formula for 72 and to improve 
the inequality for 72 obtained in Proposition 13.81 

Theorem 5.1. 72 = min {72, ^ - l}- 

Proof. The inequality 72 > min {72 j ^ ~ 1 } is an immediate consequence of Propo- 
sition lT^ fa). Moreover, by the definition of 72 and Proposition l4.91 both inequal- 
ities can be equalities. □ 

Theorem 5.2. 7^ > min {71, ^ - 2}. 

Proof. Suppose E contributes to 72. Since E is semistable, any line subbundle L 
of E has degL < 5 - 1. If h°{L) > 2, then j{L) > 71. 

Now consider the quotient L' = E/L. By semistability of E, degL' > degL. 
If h"{L') < h°{L) then j(L') > -/(L) > 71. Note also that 

deg{Kc ® L'*) = 25 - 2 - deg£; + degL > degL. 

So if h°{Kc ® L'*) < h^{L) we have again -i{Kc ® L'*) > 71, i.e. 7(L') > 71. 
Otherwise we have h°{L') > 2 and /i^(L') > 2. Hence also 7(L') > 71. This 
implies 

7(i?)>^(7W+7(i')) >7i- (5.1) 

Now suppose E has no line subbundle L with h°{L) > 2. Write hP{E) = 2 + s 
with s > 2. Then by Lemma [ 



degL; > d2s- 

By Lemma [4.21 fa) this implies 

deg L > d4 + 2s - 4. 

So 

l{E)>\{d, + 2s-A-2.s)^^-2. (5.2) 
The proposition follows from (|5.ip and (|5.2p . □ 

Corollary 5.3. 72 = min {711 ^ ~ 1} ^ niin {71, ^ + 1} . In particular, if 71 > 
2 and ^2 computes the Clifford index, then 

72 = y + 1. 

Proof. By Lemma 14.21 (a), d^ > ^2 + 2. Hence the first equality follows from 
Theorems 15.21 15.11 and Lemma 12.21 The inequality follows from the fact that d2 > 
71 + 4. Moreover, if d2 computes the Clifford index, then d2 ~ ji + 4. □ 
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CoroUairy 5.4. Let C be a general curve of genus g. 
(a) If g = 4, then 

d2 



72 = 72 = 71 = K y - 1- 



(b) // g > 5, then 

(c) Ifg>7,gj^8, then 



d2 ^ 1 , 
72 = y-l = 2(.g- 



72 < 72- 



Proof. When g = 4, we note that 71 = 1 and ^2 = 5 which proves (a), 
(b): By Corollarv l5.3l we have 72 = ^ — 1 whenever 



.9-1 



1 < 71 = 

2 - 



By Remark 14.41 (c) this inequahty is equivalent to 



5-1 



(-[ID 



It is easy to see that this is true for g > 5. 

(c): By (b), 72 = i(g - [§]). By Theorem [O 



72 > min <j 71, y - 2 



y 15 



A simple computation gives the assertion. 



□ 



Remark 5.5. From Theorem 15.21 72 > min{7i, ^ — 2}. For a general curve this 
implies 



72 ^ 



From this and Lemma 12.21 we obtain 72 = 71 provided 



5-1 



< 



(-[§]) 



This holds for 5 < 10, g = 12 and g = 14. For <? < 10 the fact that 72 — 71 follows 
already from Proposition l3.8l These results and Corollary 1 5 . 41 can be deduced also 
from [34( Lemma 6]. 

Following on from this remark, we have. 

Proposition 5.6. Suppose that 71 > 2 and there is no semistahle bundle on C of 
rank 2 and degree d with h^ > 2+s, s > 2 and d2s < < 271 + 2s. Then Conjecture 
\^ holds forn = 2. 
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Proof. If E contributes to 72 and ^{E) < 71, the proof of Theorem 15.21 (see in 
particular (|5.ip ) shows that d — degE > d2s where s = h^{E) — 2. The hypotheses 
now imply that d > 2ji + 2s. So j{E) > ^(271 + 2s — 2s) = 71, a contradiction. 
It follows that 72 =71- Moreover, E is in the range of Conjecture 13.11 (i). 

Suppose now that E contributes to 72, but not to 73. Then h^{E) — 3 and 
by Corollary 14. 121 d > d2. Since (i2 > 7i + 4 by Lemma WM this gives 

1 (d_2) + 2>^ + 2>/i°(i?), 
71 + 1 71 + 1 

verifving Conjecture 13.11 fii). □ 

Remark 5.7. The hypotheses of Proposition 15.61 certainly hold if d^ > 271 + 4. 

In any case, a semistable bundle E on C of rank 2 and degree d < 2g — 2 with 
h^[E) > 4 and ^{E) < 71 has no line subbundle with ft," > 2 (compare again the 
proof of Theorem 15. 2|) . We could consider extensions of the form 

0->L^E->M^O, 

where L and M are line bundles with hP{L) = 1 and h'^{M) > s + 1. The problem 
in constructing E in this way is that one needs to lift a large number of sections of 
M to E; this is a difficult problem and is likely to require geometric information 
about C beyond that provided by the gonality sequence (compare [45]). 



6. Ranks three and four 
Theorem 6.1. Suppose ^ > ^. Then 

73 = min|7^, ^(dg - 2) 

Proof. Suppose E contributes to 73. If h^{E) > 6, then ^{E) > 73 by definition 
of 73 . All other possibilities are covered by Propositions 14.251 and 14.261 Hence 
73 >mm{7^,i(d3-2)}. 

Moreover, by the definition of 73 there exists E with 'y{E) ~ 73. By Propo- 
sition |43] (d), there exists a semistable bundle E of rank 3 and degree ds with 
h°{E) > 4. Since ^3 < 3g - 3 by Lemma|42] (d), this gives 73 < -f{E) < ^{d^ - 2). 
This completes the proof. □ 

Theorem 6.2. If^>^, then 
74 = min 



|7^,i(d4-2),i(d2-2)| 



Proof. The result holds for 71 = and 1 by Proposition [2T6] (a) and the fact that 
d2 > 4: and d^ > 6. So suppose 71 > 2. 

Suppose that E contributes to 74. In order to prove the inequality 



74>min|7^,i(d4-2),i(rf2-2)| 
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we may assume by Propositions 14.251 and 14.261 that /i° {E) = 7 and E admits a 
subbundle N of rank p with 2 < p < 3 and h'^ (N) = p + 1 and such that E does 
not admit a subbundle of smaller rank with h'^ > rk. 

Case 1: p = 2.We have h°{N) = 3 and h°{E) = 7, so h°{E/N) > 4. If E/N 
has no line subbundle with > 2, then Lemma ITSl gives 

deg E>degN + deg{E/N) > + ^4 > ^4 + 4. 

This implies 

7(i?)> J(rf4 + 4-6) = i(d4-2). (6.1) 

If E/N has a line subbundle M with h°{M) > 3, then deg A/ > d2 by 
definition of and dcg((£;/iV)/M) > | > f , since E is semistable. So 

d? 

degE>d2 + d2 + Y> 2^2 + 2, 

since ^2 > 4. Hence 

7(i?)>i(2d2 + 2-6) = i(d2-2). (6.2) 

If E/N has a hne subbundle M with ft,°(M) = 2, then degM > di and 
deg{{E/N)/M) > di. So 

deg£: > d2 + 2di. 

If d2 < 2di - 2, then deg£; > 2d2 + 2, so ([621) holds. If d2 > 2di - 1, then 
deg E > 4di — 1 and hence 

l{E) > i(4di - 1 - 6) = di - ^ > di - 2 > 71 > 7^. (6.3) 

Case 2: p = 3. We have /i''(iV) = 4 and /i'^(£;) 7. So h°{E/N) > 3 and 
hence deg(i;/A^) > d2 by definition of d2. If da > d2 + 2, then deg£; > 2d2 + 2 
and hence again (j6.2p holds. If da = d2 + 1, then using the hypothesis, 

3 

deg > d2 + dg = 2d3 - 1 > -d4 - 1. 

If d4 > 10, this gives deg£' > d4 + 4, so (|6.ip holds. Otherwise, by Lemma HTBl we 
have g = 5 or g — 6. In either case, using Remark 14.41 (c) and Lemma l4.6i we get 
d2 = 6 and d4 < 9. So 

deg > d2 + da > d4 + 4 

and again (|6.ip holds. 

The inequality 74 > min {74, ■i(d4 — 2), ■i(d2 — 2)} follows from the inequal- 
ities dmi), (163) and 

The proof of the equality is similar to the last part of the proof of Theorem 
l6Jl To obtain j{E) = i(d2 - 2), we define E to he E ^ E^ ® El where L is a 
line bundle of degree d2 with h^{L) = 3. □ 
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Remark 6.3. The conditions ^ > ^ and ^ > ^ are satisfied for general curves 
(see proof of Proposition l4.17p and also for hyperelliptic, trigonal, general quadrig- 
onal and bielliptic curves (see Remark l4.5p . 

For 71 < 2, we already know that 7'j — 71 and we have precise values for 
the 7„ from Corollary 14.221 so Theorems 16.11 and 16.21 do not add anything to our 
knowledge in these cases. For a general curve of genus 5 > 7, we can show that 
i(c?2 — 2), — 2) and \{d/^ — 2) are all > 2. So, in the absence of any good lower 
bound for 7,'^, Theorems 16.11 and 16.21 tell us that 

2 < 7n < 7; < 71 

for n = 3, 4. 



7. Rank five 

In this section wc obtain partial results for 75. 

Lemma 7.1. Suppose ^ > Let E be a semistable bundle of rank 5 with h^{E) < 
9 and N a subbundle of rank p, 2 < p < A, with h^{N) > p + 2. Suppose further 
that E has no subbundle of rank < p with h'^ > rk. Then 

l{E) > \id5-2). 
5 

Proof. Lemma [4.81 implies that degiV > d2p. Semistability gives 

deg E > . 

P 

If p = 2, the hypothesis implies that 

degE > ^ > ^^dz = 2d5 > dz + 8, 



since ^5 > 8 by Lemma 14761 If p = 3 or 4, then 2p > 5, so 

degiJ> ^ > ^(d5 + 2p-5)-rf5 + ^rf5 + 10-- >d5 + 2+-. 

p p P P P 

So deg£^ > ^5 + 6. Hence in any case 

l{E) > Ud5-2). 




□ 



Lemma 7.2. Let F be a vector bundle of rank 2 with h^(F) >2 + t, t > 1. Suppose 
F is a quotient of a semistable bundle E of rank n and degree d > 0. Then 

degF> min \ d2t, dt + - , dy, + dt-u 
i<u<t-i n 
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Proof. If F has no line subbundle with ft." > 2, then Lemma 14.81 implies that 
degF > d2t- 

Otherwise let iV be a line subbundle with h'^{N) = 1 + u, u > 1. li u > t, 
then degA^ > dt and deg(F/A^) > by semistability of If u < t - 1, then 
degTV > du and deg(F/iV) > dt_„, since h"{F/N) >t-u + l>2. □ 

Theorem 7.3. If ^ > ^ for 1 < p < A, then 

75 >niin |7^,i(d2-2),i(d5-2),i(di+2d2-6),i(di+d4-4), 

i(2di + da - 6), i(3di + da - 8), ^(da + ^3 - 5) 

Proof. Let i? be a semistable vector bundle of rank 5 and degree d. By Proposition 
14.251 and Lemma 17.11 we may assume that /i'^ (E) = 5 + s with 2 < s < 4 and E 
admits a subbundle N of rank p with 2 < p < 4 and h^{N) = p + 1 and such that 
E does not admit a subbundle of smaller rank with h'^ > rk. 

If 7i < 2 or (7 < 8, we have precise values for all 7„ by Proposition 12.61 (a) 
and Theorems 13.61 and 14.211 One can check that these values satisfy the required 
inequality. So we may assume that 71 > 3 and g > 9, implying by Lemma l4.6l that 

d2 > 7, da > 9, d^ > 11 and ds > 13. 

In fact, in the proof we use only 71 > 2, da > 6 and da > 9. 

Case 1: p ^ 2. We have h°{N) = 3. So Lemma K8\ implies degTV > da 
and hence | > ^ > 3 by semistability of E. Moreover, E/N has rank 3 and 
h°{E/N) > 5 + 2." 

Case 1 a: Suppose E/N has no proper subbundle with > rk. Then by 
Lemma EH deg(£;/iV) > d3(^_i). So 

deg E>d2+ d3(s„i) > da + ds + 3(s - 2) 

and 

liE) > i(d2 + da + 3(s - 2) - 2s) > ^(da + da - 4). (7.1) 

D 

Case 1 b: Suppose E/N has a Hue subbundle M with h°{M) > 2. If h"{M) > 
3, then degM > da. So by semistability of E, 

d ^ deg{{E/N)/M) ^ d-2da 
5 - 2 - 2 ■ 



Hence 



and 



, 10 , 

d > —da 
- 3 
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Now suppose h°{M) = 2. Then degAf > di and deg((£:/A^)/Af ) > by 
semistability of E. So 

2d 

degE >d2 + di + — > 2d2 + di > ^2 + 4- 
5 

If s = 2, this gives 

7(^) > ^(^2+^3-4). (7.3) 
5 

If s = 3, then h°{{E/N)/M) > 3. So deg{{E/N)/M) > min{d2, di + f } by Lemma 
Oand 

d' 



deg E > min |di + 2^2, 2di + ^2 + - 

> min jdi + 2^2, 2di + | > minjdi + 2c?2, 2(ii + d^}. 

Hence 

7(S) > min + 2d2 - 6), i(2di + - 6)| . (7.4) 

If s = 4, then degM > di and h°{{E/N)/M) > 4. Using Lemma O this 
gives deg((£;/iV)/M) > min{d4, 2di, ^2 + f }. So 

degE' > min |(i2 + di + ^4, ^2 + 3(ii, 2^2 + di + ^ 
> min{d5 + 6,3di + d2,di + 2d2 + 3} 

and hence 

7(£;) > min |l(d5 - 2), i(3di + ds - 8), ^(di + 2d2 - 5)| . (7.5) 

Case 1 c: Suppose E/N has a subbundle M of rank 2 with h'^{M) > 3 and 
no hne subbundle with h° > 2. Then degM > d2 and deg((£;/iV)/Af) > f . If 
h°{M) > 4, then degM > d4 by Lemma so 

deg £; > d2 + d4 + ^ > d2 + ds + 4 
5 

and 

7(^^) > ^(d2+d3-4). (7.6) 
5 

Now suppose hP{M) — 3. Then 

d 5 

degi;>2d2 + - > -d2. 

5 2 



If s = 2, this gives 

^(E'\> , 

5 V2 



l{E)>\(ld2-A]=^-i. il.l) 
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If s = 3, then h^{{E/N)/M) > 2. So deg£; > 2^2 + di and 

7(S) > i(di + 2(i2-6). (7.8) 
5 

If s = 4, then h^{{E/N)/M) > 3 and degi; > 3^2- So, 

7(i?) > ^(3d2 - 8) > ^ (^^2 + 3 - 8^ - i(d2 - 2). (7.9) 

Case 2: p = 3. We have h"{N) = 4. So Lemma l4?8l implies degA^ > ds and 
by semistabihty, f > ^ > 3. Then E/N has rank 2 and h°{E/N) > s + 1. So we 
can apply Lemma 17.21 with t = s — \. 

If s = 2, Lemma W72\ gives 



deg E > min jda + d2 , ^3 + c^i + ^ 

> min 1^2 + d3,di + -^d^^ > min{d2 + d^, di + ^4} 

and hence 

7(£;) >min|i(d2 + d3-4),i(di+d4-4)|. (7.10) 
If s = 3, Lemma [TjH gives 
deg E > min jdg + ^4, da + ^2 + ^, ^3 + 2di | > min{d2 + ^3 + 2, 2di + dg}. 

So 

7(^) >min|i(d2+d3-4),i(2di + d3-6)|. (7.11) 



If s = 4, Lemma gives 

degi; > min jdg + dg, 2d3 + ^, da + di + daj > d2 + dg + 4. 

So 

7(^) > ^(d2+d3-4). (7.12) 
5 

Case 3: p = 4. We have /i°(7V) = 5. We can assume by Proposition l4. 261 that 
h°iE) > 8. If h^iE) = 8, then h°{E/N) > 3 and hence deg(£;/7V) > d2. So 

deg £; > d2 + d4 > d2 + d3 + 1. 

Hence 

liE) > l(d2 + d3 + 1 - 6) = ^(d2 + dg - 5). (7.13) 

If h°{E) = 9, then h"{E/N) > 4 and hence deg(i;/A^) > dg. So 

deg > d4 + ds . 
If d4 > 2d2 - 2, then deg £: > da + d3 + da - 2 > d2 + d3 + 4. So 

l{E) > 7(d2 + d3 + 4 - 8) = Ud2 + da - 4). (7.14) 
5 5 
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If d4 < 2d2 - 3, then 



as < ^"4 = 04 + ^«4 < £14 + - ^• 

So deg E > — + j + and hence 

7(£;) = i(deg£;-8)>^(d5-2), (7.15) 
o 

provided da — ic?2 + | > 5, i.e. d^ > + Since rfa > ^2 + 1 and we are 
assuming ^3 > 9, this holds. 

The assertion follows from the inequalities (17. 1|) , . . . , (|7.15p . □ 



Corollary 7.4. Let C be a general curve. Then 

, 1 



75 mm<; 75, -[g 



Proof. For (7 = 4 this follows from Proposition 12.61 (a) . For g = 5 and g ~ 6 
we can check it directly from Corollary 14.221 For g > 7, the inequality 75 > 
min{75, ^{g — [§] +3)} follows by evaluating the numbers on the right hand side 
of the formula in Theorem 17.31 using Remark 14.41 (c). There exists E computing 
75 by definition. Moreover, the conditions of Propositions l479l (e) and 14.171 implv 
the existence of a stable bundle El of rank 5 and degree d^ = g — [f ] + 5 with 
h°{EL)^6. □ 

Remark 7.5. It would be interesting to determine whether 75 > ^(g — [|] + 3). 

Remark 7.6. We do not know how many of the terms on the right hand side of 
the inequality in Theorem 17.31 are necessary. 

Under the hypotheses of the proposition, we do know that there exists a 
semistable bundle E of degree ds with h^{E) > 6 (see Proposition 14. 9p . For this 

E, 

l{E) < i(d5-2). 

Moreover, there exists by Proposition 14.91 a semistable bundle N of rank 2 
and degree d2 with h'^{N) > 3. Suppose c?2 is even and let L be a line bundle of 
degree ^ with h°{L) > 1. Then 

E ^ N ® N ® L 
is semistable of degree |(i2 with h^{E) > 7. So 

7(i^)<^^^.-4)4.2-| 

Even in this case we do not know whether there always exist bundles E with 
7(S) < id2 - 1. 
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If ^ = we can take E — N (B N' , where N is semistable of rank 2 and 
degree d2 with h'^{N) > 3 and N' is semistable of rank 3 and degree with 
h°{N') > 4. Then E is semistable of rank 5 with h°{E) > 7, so 

l{E) < ^(d2+d3-4). 
5 

In an attempt to construct a semistable bundle E of rank 5 with 

7(£;) = i(d2+d3-5), (7.16) 
5 

as in the proof of the proposition, we start with a bundle N of rank 4 and degree 
di with h^{N) = 5 and a line bundle L of degree ^2 with h^{L) — 3. We consider 
extensions 

O^N^E-^L^O. 
If all sections of L Uft to E, then h^{E) = 8 and 

7(^) = i(d2+d4-6). 
5 

To achieve (|7.16|) . wc need (i4 = da + 1. If rf4 < (i2 + 4, then 

4 3 

deg £; > 2(i4 - 4 > 2-^5 - 4 = ffg + -dg - 4, 

5 5 

implying that deg£^ > + 4 if > 12. Hence in this case we have 

7(S)> J(rf5+4-6)-i(d5-2). (7.17) 

This is true for <? > 8. There remains the possibility that ^4 = ^3 + 1 and ^3 > rf2+4. 
If one can show that in this case we cannot have E semistable with h^{E) — 8, 
then we can replace 4(^2 + c?3 — 5) by 1(^2 + ^3 — 4) which looks more natural. 



8. Plane curves 

For smooth plane curves the numbers dr are known by Noether's Theorem (see 
|14j). For stating it, note that for any positive integer r, there are uniquely deter- 
mined integers a, [3 with a > 1^0 < [3 < a such that 

aia + 3) 

r = — ^ 

2 

The reason for this is that for any a. 



«(« + 3) _ . , . ^ (a-l)(a + 2) 
2 y + I 2 
Noether's Theorem. Let C he a smooth plane curve of degree 5. For any positive 
integer r, 

^ a5-l3 if r<g^ (S-m-2) ^ 



dr = 



(5-l)((5-2) r ^ 



' 2 
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In particular di = S — 1, d2 = S and d2 computes 71 = J — 4. Note that r < g — 
{S-i){s~2) equivalent to a < 6 — 3. 

Proposition 8.1. Let C be a smooth plane curve of degree S > 5. Then 
(a) 

72 = 1 ] 

(b) 7^ = 71 = 5 - 4. 

Proof, (a) is a special case of Corollary 15.31 For (b), we have 71 = 5 — 4 and 
d4 = 2(5 - 1. By Theorem El 72 > min{(5 - 4, 5 - §} = 5 - 4. So (b) follows from 
Lemma [O □ 



Remark 8.2. Part (a) of Proposition 18.11 holds also for a curve which admits as a 
plane model a general nodal curve of degree d > 7 with v < ^ ((5^ — 7(5+ 14) nodes. 
This follows from the third paragraph on page 90 of stating that 71 = (5 — 4 
in this case. Also di ~ S — 2 and d2 = 5. 

Hence there exist curves of all genera g > 8 with 

7i 

72 = Y + 1 < 71 = (i2 - 4. 

In particular these curves are not general and both di and d2 compute 71 . 

Theorem [O] does not apply for plane curves, since ^ < ^ for (5 > 5. Indeed, 
its statement is wrong for plane curves. Instead we have 

Proposition 8.3. Let C be a smooth plane curve of degree S > 5. Then 

3 ' ' 



73 = mm< 73, ^ 



- 2 



Proof. If (5 = 5, then both sides of the equality are 1 by Proposition 12.61 (a). So 
assume S > 6. From the definition of 73 we may assume that E is a semistable 
bundle of rank 3 and slope < g — 1 with 4 < h^{E) < 5. 

Suppose first that h^{E) = 4. If £' has no proper subbundle iV with h^{N) > 
rkiV, then Lemma ITSl implies that 

deg-B > = 2(5-2. 

If E has a line subbundle N with h^{N) > 2, then degA^ > di and so by semista- 
bility, 

degi;>3di =3^-3. 
Suppose E has a subbundle N of rank 2 with ft," (N) > 3 and no line subbundle with 
> 2. If h'^{N) = 4, then degA^ > (i4 by Lemma and hence by semistability, 

degE>^di^35-^. 

If h°{N) ^ 3, then degA^ > da = ^ by Lemma HH] and so 
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Hence, if h'^{E) = 4 we get 

"3(5+1 



7(£;) = i(deg£;-2)>i 



(8.1) 



Now suppose h°{E) = 5. If £' has no proper subbundlc N with h^{N) > rkN, 
then Lemma imphcs that 

degE > 4 = 3(5-3. 

If E has a Une subbundle N with /i°(iV) > 2, then degA^ > di and so by semista- 
bihty, 

degE>3di =3^-3. 

Suppose E has a subbundle of rank 2 with h^{N) > 3 and no line subbundle 
with h° > 2. If h°{N) > 4, then deg > ^4 = 25 - 1 by Lemma lilSl and so 

deg£: > -^4 = 36--. 
^ - 2 2 

If h°{N) = 3, then degiV > da = (5 and deg{E/N) > di = (5 - 1 and so 

deg£: > 25- 1. 

Hence, if h^{E) = 5 we get 

7(i?)-i(deg£;-4)>i(2(5-5). (8.2) 

Since 2(5 - 5 > [2^] - 2 for 5 > 6, (gj]) and (g^l) imply the inequality 73 > 

-in{7^,Hm-2)}. 

To show equality we have to show that the bound | ([ '^'^^^ ] — 2) can be 
attained. Since c^i > Theorem 14.151 (a) implies the existence of a semistable 
bundle N of rank 2 and degree d2 = S with h'^{N) = 3. 

If (5 is even take an effective line bundle M of degree | . Then 

E = N®M 

is semistable, has degree ^ and h'^{E) = 4. 

If (5 is odd, choose an effective line bundle M of degree . We have /i° (M) = 
1, since di =6—1. Any non-zero section of M induces a map H^{M* A^) ^ 
H^{Oc '9 N). Comparing dimensions one checks that this map has a non-trivial 
kernel. Every non-trivial extension 

O^A^^-B^Af^O 

in the kernel of this map defines a bundle E of rank 3 and degree with 
h^{E) = 4. Since any such extension is stable, this completes the proof. □ 

Proposition 8.4. Let C be a smooth plane curve of degree (5 > 5. Then 

74 



mm j 74, 2 ^ ^ 
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Proof. We have 2(5 - 2 and (i4 = 2(5 - 1. So ^ > % and Theorem [6J] applies 
to give the assertion. □ 

Proposition 8.5. Let C be a smooth plane curve of degree S > 5. Then 

75 = min |7^,, ^((5 - 1) 

Proof. If (5 = 5, then, since 71 ~ 1, we get from Proposition l2.6l fa') that 75 = 75 = 1 
and the result is obvious. Suppose S > 6. From Noether's Theorem we get 

di = ^ - 1, d2 = 5, ds = 25-2, d^ = 25 - 1 and d^ = 25. 

It follows that > ^ for all p < 5 and — > ^^^^^ except when p = 2. Hence 
Proposition 14 . 2 sF and Lemma FTTl are valid. The only place in the proof of Theorem 
17. 3i where the assumption ^ > ^ is used, is in the proof of inequality (|7.4p . 
If we replace -1(2^^1 + d^ — 6) by ■^{2di + |(i2 — 6), the proof is valid. With this 
modification, Theorem 17.31 becomes 

75 > min|7^,i(5-2),i(25-2),i(^(5-8),i(4(5-ll),i(35-7) 



= mm |7^, 1(2,5 -2)|. 



By the definition of 75 the equality 'y{E) = 75 can be attained. The equality 
7(i?) = 1(2(5 — 2) is attained by the bundle E^, where L is a line bundle of degree 
dg = 2(5 with h°{L) = 6. Since ^ > ^ for aU p < 5, the bundle El is stable by 
Proposition (e) and hence h^{EL) = 6 by Theorem 14. 151 □ 



9. Problems 

In this section we present some problems which are related to the contents of this 
paper. 

Problem 9.1. Find an improved lower bound for 75 and good lower bounds for 
7„,n > 6. 

We expect that the term ^{dp — 2) for p\n will appear (see Lemma [4.241 and 
Proposition l4.25p . There is some evidence that terms of the form ^{dp + dn-p — 4) 
may appear, but it is possible that a careful argument may eliminate them. See 
also Remark 17.61 

Problem 9.2. Find good lower bounds for 7,^ for n > 3. 

In relation to this we have the conjecture 
Conjecture 9.3. 7'j = 71. 
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The conjecture is the most important point of Mercat's Coniectm'c 13.11 (see 
Proposition 13 . 3p . If this is true, a complete proof seems a long way off. In many 
ways it would be more interesting if the conjecture were false, since this would 
imply the existence of new semistable bundles reflecting aspects of the geometry 
of the curve C not detected by classical Brill-Noether theory. A small piece of 
evidence in favour of the conjecture is presented by Proposition 18.11 which shows 
that there exist curves of arbitrary 71 for which 72 = 71 . 

Problem 9.4. One can define Clifford indices and 7^' by restricting to stable 
bundles. Of course 7„ < 7^ and 7^ < 7^'- Find examples for which we have strict 
inequalities or prove there are none. 

Problem 9.5. Obtain more information about the gonality sequence of a curve C . 

This should contribute to Problem 19.11 For example, the knowledge of the 
gonality sequence for smooth plane curves enabled us to prove Proposition 18.51 
which is a significant improvement on Theorem l7.3l 

We have seen that the classical Clifford index alone is not sufficient to deter- 
mine 7n. However, the following problem remains open. 

Problem 9.6. Show that 7„ is determined by the gonality sequence or find counter- 
examples. 

Let E he a, semistable bundle on C and V a subspacc of H^{E) which gen- 
erates E. Let Mv,E be defined by (II. 2|) . It has been conjectured by Butler [12] 
that for general C, E, V, the bundle Mv,e is semistable. (Actually this is a slight 
modification of Butler's original conjecture [TH Conjecture 2] which is set in the 
context of coherent systems.) In [TTl Theorem 1.2] Butler proved for any C and 
any semistable E that Aly.E is semistable if fJ.{E) > 2g. There are many similar 
results in the literature (a summary of the current state of knowledge for the case 
where C is general and E is a line bundle may be found in [6l Section 9]). Our 
Proposition [4?9l is a further example where C is not required to be general. 

Problem 9.7. Give a proof of Butler's conjecture or obtain counter-examples for 
either general or special curves. 

A solution of this conjecture would be interesting not only in its own right 
but because the bundles Mv,e are related to syzygies and to Picard bundles (see in 
particular [20j[29], where it is shown that, for sufficiently large degree, the bundle 
Mho(e),e is, up to twisting by a line bundle, the restriction of a Picard bundle 
to the curve C embedded in the relevant moduli space). A further observation is 
that, if we use (jl.2p to map C to the Grassmannian G of n-dimensional quotients 
of V, then E and Aly ^ are the puUbacks of the tautological quotient bundle and 
subbundle respectively, so (g) Mv,e is isomorphic to the puUback of the tangent 
bundle of G. Thus Butler's conjecture implies semistability of this puUback (see 
[T0|. Theorem 4.5] for a recent result in this direction). 
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We next move on to consider extensions. Given an exact sequence 

O^L->E->M^O (9.1) 

with L and M line bundles, there is a geometric criterion for lifting a section of 
AI to E (see [27]). In our context this leads to several problems. 

Problem 9.8. Extend this to a usable criterion for the case when L and M are 
vector bundles. 

Problem 9.9. Try to find a usable criterion for lifting several sections. 

Given vector bundles L and M, the classes of nontrivial extensions (|9.ip are 
parametrized by the projective space P = P(Ext^{M,L)). The extensions with 
E semistable form an open set U of P, whereas the extensions for which a given 
number of independent sections of M are liftable to E form a closed subset V of 
P. 

Problem 9.10. Determine conditions under which U HV is non-empty. 

If dimV^ > dim(P \ U), the intersection U DV is clearly non-empty. This 
has been used in several papers, however there are many situations in which the 
dimensional condition does not hold. 

Problem 9.11. Improve the lemma of Paranjape and Ramanan (Lemma \4.8^ and 
determine conditions under which the converse is true. 

This would be very useful for improving some of the bounds for 7„ and con- 
structing bundles E with low values for ^{E). 

We finish with one very specific problem. 

Problem 9.12. What is the minimal value of d for which there exists a stable 
(semistable) bundle of rank 2 with h^ > A? 

By using Lemma 14.81 one can show that, in the semistable case, 

min{2(ii, ^4} < d < 2di 

(see the proof of Theorem 15. 2|) . but no information beyond this seems to be avail- 
able at the moment. 
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